EMBEDDED CURVES AND GROMOV-WITTEN 
INVARIANTS OF THREE-FOLDS 

EAMAN EFTEKHARY 

Abstract. Associated with a prime homology class (3 £ P%(X, Z) (i.e. 
/3 — pa and a £ H2 (X, Z) imply p — 1 or p is an odd prime) on a 
symplectic three-manifold with vanishing first Chern class, we count the 
embedded perturbed pseudo-holomorphic curves in X of a fixed genus g 
to obtain certain integer valued invariants analogous to Gromov-Witten 
invariants of X. 



1. Introduction and main theorems 

The aim of the work in this paper, is to construct some integer valued in- 
variants of the symplectic threefolds with vanishing first Chern class, along 
the lines that Gromov-Witten invariants are defined by Ruan and Tian 
f |131 114] ^ . The motivation for this project is the conjecture of Gopaku- 
mar and Vafa, which writes the Gromov-Witten invariants of a Calabi-Yau 
threefold X in terms of some (not mathematically defined) integer valued 
invariants, called the Gopakumar-Vafa invariants. 

In their paper [I], Gopakumar and Vafa introduce certain counts of the so 
called BPS-states to get integer valued invariants of Calabi-Yau threefolds. 
These are integers n^(a) associated with a genus h and a homology class 
a G H2(X,7j), called Gopakumar-Vafa invariants. 

The mathematical definition of these invariants is yet to be understood. 
There has been an attempt by Hosono, Saito and Takahashi e 5« to define 
these numbers through some intersection cohomology construction. They 
are not able to show the invariance of these numbers and also it is not clear 
that they satisfy the Gopakumar-Vafa equation predicted in 

The Gopakumar-Vafa equation is a generating function equation, which 
relates Gopakumar-Vafa invariants with Gromov-Witten invariants. More 
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precisely, it reads as: 



I £ ^(a)(2sin(^ 2 

g>0 k>0 h>0 

/3eH 2 (X,Z) a£H 2 (X,Z) 



(1) E W)/A 2 *- 2 = £^ £ n fe (a)(2sin(^))- -„ 



One may look at this equation as a definition for Gopakumar-Vafa invari- 
ants (see 0) and then it is still to be shown that these numbers are in fact 
integers. 

One other way to follow the motivation provided by Gopakumar and Vafa, 
is trying to write Gromov-Witten invariants in terms of some other integer 
valued invariants of (X,uj), when X is a symplectic 3- fold with vanishing 
first Chern class, or more, a Calabi-Yau 3-fold. For instance, the relation 
between Gromov-Witten invariants and Donaldson-Thomas invariants sug- 
gested in follows these lines. 

Fix a genus g > 1. As an attempt toward such a construction, we intro- 
duce the invariants 

l g :P 2 (X,Z)^Z, 

which assign integer numbers to any prime homology class (3 G P 2 (X, Z) . A 
prime homology class is defined to be any homology classes (3 G H 2 (X,Z) 
such that if (3 = pa with 1 < p E Z and a G H 2 (X, Z) , then p / 2 is a prime 
number. 

We will embed the coarse universal curve C g of the moduli space M. g (of 
genus g curves) in a projective space ¥ N . Correspondingly we will consider 
a generic almost complex structure J on the tangent bundle of the three-fold 
X and a generic perturbation term 

veT(F N xX^lQ^^jp^T'X). 

If the choice of (J, v) is generic enough, there are only finitely many pairs 
(/) Js) of a complex structure js E M. g on a surface X of genus g and a map 
/ : X — > X, such that /*[£] is the fixed prime homology class j3 and such 
that 

dj s ,jf = (tie x f)*v. 
Here 7T£ : (X, j%) — > C 9 C is the map from (X, js) to the universal curve. 
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In fact if we denote the space of all possible pairs (J, v), with J an almost 
complex structure on the tangent bundle of X, compatible with u, and with 
v a perturbation term on F N x X with respect to J, by V, then we show 

Theorem 1.1. Given (5 € P%{X, Z) and g > 1, there is a Bair subset V reg C 
V such that for any (J,v) € V Teg , the above ■problem has only finitely many 
solutions. The linearization L of the perturbed Cauchy-Riemann equation 

d js ,jf = (vrs x f)*v 

at any solution will have a trivial kernel and a trivial cokernel. Moreover, 
to any such solution is assigned a sign 

e(/,Js) G {"!,+!}, 
coming from the spectral flow SF, which connects L to a complex d operator. 

Using the claim of this theorem, we define 

Definition 1.2. Suppose that (3 € P2{X,'L) and that g > 1 is a fixed genus. 
Fix a pair (J, v) £ Vreg as above and define 

where e(/, js) is understood to be zero if (f, j's) is not a solution to the above 
problem 

Furthermore, we show 

Theorem 1.3. If (Jq,vq) and (Ji,Vx) are in V re g, then the number Z g (fl) 
as computed using (Jo,vo), is the same as the number Z g {(5) as computed 
using («7i,vi). Moreover, this number does not depend on the the special 
embedding of C g in the specific projective space W N , and is independent of 
the of the choice of the symplectic form u> in its isotopy class. 

We hope that this construction can be extended to all the homology 
classes in H2(X,Z). Once this is done, the Gromov-Witten invariants may 
be written down in terms of these counts of embedded curves in the symplec- 
tic three-folds with vanishing first Chern class, giving an equation similar to 
equation (0) above. 

Acknowledgements. I would like to thank Gang Tian for his continuous 
advice and support as my advisor. Many thanks go to Rahul Pandharipande 
and Elleny Ionel for very helpful discussions. 
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2. A Review of Gromov-Witten Invariants 

Suppose that a%, ...,otk,Pi, ■••> A are homology classes in a symplectic n- 
manifold X and a 6 ^(A, Z) is a class in the second homology of X with 
Z coefficients. Let 

...,a fc |/?i, 

denote the genus g Gromov-Witten invariant associated with these elements 
of H*(X,7j) as defined by Ruan and Tian in 13 . In fact, to define these 
invariants, consider some fixed pseudo-manifold representatives of the ho- 
mology classes «j and (3j, which we still denote by a, and f3j, for i = 1, k 
and j = 1, I. Also fix a complex structure j on a surface X of genus g, to- 
gether with k marked points x%, Xf. on X. Associated with the symplectic 
structure w on J is the space of compatible almost complex structures J on 
the tangent bundle of X, which will be denoted by J . With j and J € J 
fixed, by a perturbation term we mean an element 

v € r(S x A>^ 0,1 (£) ®jp* 2 T'X). 

Ruan and Tian fix x\, Xk and choose a generic pair (J, v) of an 
almost complex structure and a corresponding perturbation term, and count 
the number of solutions to the following problem: 

/ : E — X, 

Um=aeH 2 (X,Z), 

' 2 '' = df + Jodfoj = (Idx f)*v, 

f(xi) i = 1, ...,k, 

such that the image /(E) intersects all of /3j's. With an appropriate choice of 
the sign, this will give an invariant of the isotopy class of to and the homology 
classes a, oti, (3j, and the genus g, if X is a semi-positive symplectic manifold 
and 

k i 
^(2n - deg( ai )) + J^(2n - 2 - deg(A)) = 2c x {X)a + 2n(l - g). 

Using these invariants, they define the quantum cup product and show 
that it is associative (see [13]). 

Later, they defined the higher genus Gromov-Witten invariants coupled 
with gravity. The main idea is to relax the almost complex structure j on 
the punctured Riemann surface 

E - {x 1 ,x 2 , ■■-,x k } 

in the equation (J2J to vary in the moduli space M g ,k of /c-pointed Riemann 
surfaces of genus g. This way, the classes a, and (3j will be treated in a 
uniform way, so we may assume that / = 0. The result is an invariant 



EMBEDDED CURVES AND GROMOV-WITTEN INVARIANTS OF THREE-FOLDS 5 



®a,g,k : (H*(X,Z)) k ► Q, 

which is zero unless the dimension criterion is satisfied: 

k 

Y^(2n - 2 - deg(Qi)) = 2 Cl (A> + 2(n - 3)(1 - g). 
i=i 

These are rational numbers because of the orbifold structure on the uni- 
versal curve Cg^k of the moduli space M. g> k of genus g Riemann surfaces with 
k marked points. 

In fact, in the definition of Gromov-Witten invariants coupled with gravity 
by Ruan and Tian |14j . they consider the compactified moduli space of k 
pointed genus g Riemann surfaces M g ,k and the universal curve 

over it. The moduli spaces M.g t k,C g ,k are both projective varieties sitting 
in a projective space which we denote by P^. A natural candidate for the 
perturbation terms associated with an almost complex structure J on X can 
be an element of 

Horn"' 1 (T¥ N ,TX) = T(P N x *,pjfij£ ®jp* 2 T'X). 

Then, one will consider the maps / from a Riemann surface (X, x±, x^) G 
M. g> k to X satisfying /*[£] = a G H2(X,Z), with certain constrains f(xi) G 
a» as above, which also satisfy 

9j,j s f = fas x f)*v. 
Here 7T£ : ...,£&) — > C 9j fc is the map to the universal curve. 

However, these perturbation terms do not rule out the technical difficul- 
ties in the construction of Ruan and Tian f|14j). The problem is that if a 
Riemann surface with marked points (E, js; x%, x^) admits an automor- 
phism group (3, then the map 7T£ will factor through ^ and the transversality 
and compactness arguments fail to work. 

One is forced to go to a finite "fine" cover of the moduli space C g ^ to 
achieve the transversality and compactness. Naturally, one has to divide 
the final count of pseudo-holomorphic curves by the degree of this covering. 
This will cook up invariants of the symplectic manifold which are rational 
numbers. 

In particular for a Calabi-Yau threefold, the only chance for to be non- 
zero is for k = 0. Here associated with each a G H2(X, Z) and each genus g, 
we will get a number N g (a) = ^a,g,o() which is naturally a rational number 
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as noted above. 

In this paper, we will try to avoid this detour to fine covers of the moduli 
space C g . The special nature of dimension three and the vanishing of the 
first Chern class c\(X) will help us out of some of the technical difficulties, 
at least for the prime homology classes. 

The main idea we want to pursue in this paper comes from the work of 
Taubes in relating Seiberg- Witten invariants to some Gromov type invari- 
ants, which we will discuss now. 

Suppose that X is a symplectic manifold of real dimension 4 with a sym- 
plectic form oj. Taubes has defined in |15j . an invariant 

(3) Gr:H 2 (X,Z) — >Z 

which assigns an integer to any homology class in H 2 (X, Z) . The definition 
of these invariants relies on counting the pseudo-holomorphic submanifolds 
of X with respect to a generic almost complex structure J, which is com- 
patible with oj. The special nature of dimension 4 is used to exclude the 
convergence of a sequence of pseudo-holomorphic submanifolds to a singu- 
lar pseudo-holomorphic curve, or a convergence of the curves in a class n/3 
to a curve, multiply covered by this sequence, and representing the class 
(3 € H^{X,T^). The special case of the convergence of tori, with topologi- 
cally trivial normal bundle, and representing a class n/3, to a torus in class 
(5, is more delicate to exclude. As is clear from the above discussion, these 
invariants are pretty much similar to the Gromov- Witten invariants of Ruan 
and Tian (the "coupled with gravity" version). 

Taubes assigns certain weights to each of these tori, which may be differ- 
ent from ±1. These signs enable him to conclude that a passage from an 
almost complex structure Jo, which is generic enough so that there are only 
finitely many pseudo-holomorphic curves in a class (3 E H2{X,"L) with re- 
spect to Jo, to another generic almost complex structure Ji, does not change 
the total count. 

These invariants are shown to be equivalent to the Seiberg- Witten invari- 
ants for manifolds with > 1 in the celebrated papers |16| I17j of Taubes, 
and the non triviality of them is a result of the non triviality of the Seiberg- 
Witten invariants. 

We will start a similar project in dimension 6 (complex dimension 3) 
through the next couple of sections. 



EMBEDDED CURVES AND GROMOV-WITTEN INVARIANTS OF THREE-FOLDS 7 



3. Construction of the invariants 
In this section we will introduce an invariant 

V p 2 (x,z) ^z 

for any genus g > 1, which assigns an integer to any prime homology class 
(3 <G P 2 {X, Z). A prime homology class is defined to be any homology classes 
f3 G H 2 (X,Z) such that if (3 = pa with 1 < p G Z and a € H 2 (X, Z), then 
p ^ 2 is a prime number. We hope that this construction can be extended 
to all the homology classes in H 2 (X, Z) . 

Let us begin by embedding the moduli space of genus g Riemann surfaces 
with one marked point in some projective space F N . More precisely, suppose 
that A4 g and M. g denote the moduli space of genus g curves and its com- 
pactification. The coarse universal curve over M g and M g will be denoted 
by C g and C g , respectively. It is a well-known fact that these moduli spaces 
are in fact projective varieties. Thus, we may assume that C g is embedded 
in some projective space F N . Fix such an embedding. For a complex curve 
(£, js), note that there is a natural holomorphic map tt^ defined as 



tte = gs o Ts = (E, JE ) — Aut(E> -> C 9 C P , 

where ts is the map going from S to its quotient by its automorphism group 
and (7s is the embedding of the quotient in the universal curve C g . 

If (X, lo) is a symplectic threefold with vanishing first Chern class, i.e. 
c±(X) = 0, we may denote the space of almost complex structures, compat- 
ible with ll>, by J = J w . The elements of J w are the homomorphism 



J :TX — ► TX 



with the property that J o J = —Id and oj((, JQ > for any ( <G T X X. 



Given any compatible almost complex structure J € J , we may consider 
the space of associated perturbation terms 



Rom°j 1 (TF N ,TX) = F(P N x X,p{^ ®jp* 2 T'X), 

where p±,p 2 denote the projections to the first and the second factor, re- 
spectively. 
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For a fixed genus g > 1 and a prime homology class (3 £ P2 (X, Z) , we are 
interested in counting the solutions to the following enumerative problem: 
Find the number of all somewhere injective maps / such that 

/:(£,&) — X 

(4) /♦[£] =P<=P 2 (X,Z) 

dj s ,jf = (tts x f)*v, 

where J is a fixed generic almost complex structure on X, compatible with 
lo and v is a fixed generic perturbation term v <G Rom°j 1 (TF N , TX). 

Let us denote the space of all possible pairs (J, v) by V . One may think 
of V as an infinite dimensional bundle over J . The first major theorem of 
this chapter is: 

Theorem 3.1. Given (3 € P2(X,Z), there is a Bair subset V re g C V such 
that for any (J, v) £ "P re9 , the above problem has only finitely many solutions. 
The linearization L of the perturbed Cauchy-Riemann equation 

O js ,jf = (7TE X f)*V 

at any solution will have a trivial kernel and a trivial cokernel. Moreover, 
to any such solution is assigned a sign 

e(f,h) E{-1,+1}, 

coming from the spectral flow SF, which connects L to a complex d operator. 

Using the claim of this theorem, we define 

Definition 3.2. Suppose that (5 G P2(X,Z) and that g > 1 is a fixed genus. 
Fix a pair (J, v) G V re g as above and define 

lg(X,(3)= <f\^)l 

where e(/, j's) is understood to be zero if(f, js) is not a solution to the above 
problem 

The second major result is the following: 

Theorem 3.3. If(Jo,vo) and (Ji,vi) are inV reg , then the number I g (X, f3) 
as computed using (Jq,vo), is the same as the number X g (X , (3) as computed 
using (Ji,v±). Moreover, this number does not depend on the the special 
embedding of C g in the specific projective space F N , and is independent of 
the choice of lu in its isotopy class. 

Once we can prove the first claim, the other claims are completely stan- 
dard in the theory of Gromov-Witten invariants. Thus we will not come 
back to this issue. 
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4. Transversality 

In this section we will formulate the above moduli problem in terms of 
zeros of a certain section of an infinite dimensional bundle over some Banach 
space. In fact, the spaces we will be dealing with are not Banach spaces, 
but one can take Sobolov completions of these spaces and prove regular- 
ity results, as is standard in the theory of Gromov-Witten invariants (c.f. 
^s3E]). We choose to hide this detour to Banach spaces, in order to sim- 
plify the descriptions. 

To begin, note that the moduli spaces C g and M. g are stratified according 
to the automorphism group of the curves (S,js) £ M. g - For a fixed topo- 
logical action of a group on a (possibly nodal) Riemann surface E, denoted 
by (5, let Aif denote the (open) subvariety of M. g , consisting of the curves 
(E, js) with automorphism group 0, with the topological type of the action 
being specified by <8. 

Denote the part of the coarse moduli space C g that lies over M.f by C®. 

Let X denote the space of maps / from S to J, which are somewhere 
injective and represent the prime homology class (3 G P2(X,7 J ). Fix the 
topological action (5 and denote the topological quotient by C = . Denote 
by X® the space of maps representing the class f3 which factor through the 
quotient map rs: 

/ = 5 or E :S^C=!^X, 

with g somewhere injective. In particular, the domain of any map in X® will 
be contained in the closure of C®. It is then implied that j3 = \<3\.a for some 
class a € Bt2(X,'Z). So, either the action is trivial, or the underlying group 
of the action is Z p = ^ for a prime number p / 2. We will keep denoting 
this action by 0, except if it is necessary to do otherwise, for two reasons. 
The first one is to distinguish the underlying group, from the topological 
action, which contains more combinatorial information. The second reason 
is that, most of the work in this paper does not use the fact that this group 
is Z p , and may be used in a more general context. 

We make a remark that for the moduli space X®, we will also include the 
maps of the form 

/ = g or : (E, j s ) A ^ X 

where is a quotient of the automorphism group S) of (E, js), but the map 
g can not be factored through any other nontrivial quotient of U. Moreover 
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the topological action of (3 on (S, j'e) is assumed implicit in the notation. 

Over the appropriate Banach versions of these moduli spaces of maps 
(consisting of (fc,p)-maps) one may construct a Banach bundle as follows: 
First of all let J denote the space of almost complex structures on X. Let 
V be the bundle over J defined over a point J G J by 

Vj = Kom°/(TF N ,TX). 
Let y & be the space V x x X®. For a point 

/i=((J;^),iE,(/:S^|^X))G3; lS 
define the bundle £® by setting 

where denotes the (25-invariant sections of the corresponding bundle. In 
reality, £ should be chosen to be the bundle of sections in an appropriate 
Sobolov space. More precisely, we should consider (/c,p)-sections of these 
bundles and then prove some regularity results. The details of these argu- 
ments will be left to the reader. 



The Cauchy-Riemann operator defines a section of this bundle by setting: 

d & : y & — £ & , 

d@(n) = dj^jf - (vr s x f)*v, 

where \i = ((J; v), js, (/ : S ^ — » X)) is the above point of 3^- It 
is easy to use the fact that 5 is somewhere injective and that the target 
bundle is the space of ©-invariant sections to show that the section 3© is 
everywhere transverse to the zero section. The proof of this fact is identical 
to the transversality arguments of |13U14j and we choose not to repeat them 
here. 

Denote the intersection of d® with the zero section by Mf(X, (3). There 
is a projection map from M. f(X, (3) to the parameter space V which we will 
denote by proj<g. This projection map is a Fredholm operator on the Banach 
versions of these moduli spaces. To compute the index, note that the kernel 
and the cokernel of the linearization of proj^ are isomorphic to the kernel 
and the cokernel of the the linearization of d® restricted to a fiber of proj^. 
This index computation is a special case of the index computation in the 
Appendix. It is implied that the index of proj<g is zero. As a result, for a 
generic choice of the parameters (J,v) € V, proj^ 1 {( J, v)} will be a set of 
isolated solutions to the Cauchy-Riemann equation ??. 
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The parameters (J, v) which are generic in the above sense are not yet 
generic enough to rule out the possibility that a sequence of embedded solu- 
tions converges to a multiply covered one. Namely, a sequence in proj^ 1 {( J, v)} 
can converge to a curve in proj^ 1 {( J, v)}, if is a normal subgroup of Sj. In 
particular, although the solutions in each stratum are isolated, there can still 
exist infinitely many of them. A careful study of the behavior of sequences in 
proj eJ 1 {( J, v )} is the next step toward the definition of the embedded curve 
invariants. 



5. Compactness 

In this section we will fix an almost complex structure J on TX and a 
perturbation term v € Hom^j 1 (T¥ N , TX), without any genericity assump- 
tions. The problem we want to study, is the behavior and the possible limits 
of a sequence of maps f n : (S,j n ) — ► (X, J) which satisfy the equations 

9j n ,jfn = 0r n X f n )*V, 

where 7r n : (E,j n ) — ► C g C F N . 
As usual we will assume that (f n )* [E] is a fixed homology class j3 € H% (X, Z) . 

By Gromov compactness theorem, there is a subsequence of {/ n }, which 
we will identify by the sequence itself, which converges to a map 

satisfying 

dj,jf = (vr x f)*v, vr : (E, j) ^C g C P N . 

Here E can lie in the boundary components of the moduli space A4 g con- 
sisting of nodal curves. 

If we fix the topological type of the nodal curve E = {E 1 , E n }, where 
E l are the irreducible components of E, and the automorphism group © of 
the domain, then the moduli of maps / = foo : (E, j) — ► X as above, which 
solve the perturbed Cauchy-Riemann equation, may be described as the in- 
tersection of a certain d section, and the zero section of a bundle, similar to 
the construction of the previous section. The index of the projection map 
will be 2 — In. This implies that for a generic choice of ( J,v), we can not 
have a solution with a singular domain. Moreover, if (Jf,Vt) is a generic 
choice of a path of parameters (with the fixed generic end points) then we 
may assume that the singular solutions do not exist for any of (Jt,vt). For 
a more careful discussion of these boundary components we refer the reader 

to HHHH. 
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The above discussion shows that we only need to worry about the conver- 
gence of a sequence {f n }, as above, to a solution f = foo ■ (£, j) — ► X with 
j n — > j as n goes to infinity. If the map / = /oo : (£, j) — ► X, is somewhere 
injective, the usual transversality results will work to find a non trivial el- 
ement in the kernel of the linearization of the Cauchy-Riemann operator. 
More precisely, if 

Mn = ((J;«),j„,(E^X)) €M g {X,/3), 
where M g (X,/3) = Mf(X,/3) for (25 = {Id}, then ji n will converge to 

M=((J;«U (S^I)). 

This // will also be in M g (X,(3) if / does not factor through a nontrivial 
quotient map r : £ — > ||. This is a contradiction if (J, u) is generic in the 
sense of previous section, so that the elements of projJ^J, v) are isolated. 

fn 

If a sequence fi n = ((J;v),j n ,(H X)) G M g (X,(3) converges to 

some ji = ((J;v),j, (£ — * X)) which is not in M.g(X,/3), then will be 
in .A4®(X, /?) for some group (5, which is a normal subgroup of the auto- 
morphism group of (£, j). Thus, / will be decomposed as 

After choosing a connection, for large values of n, we may write (f n ,j n ) 
as the image of some elements 

(Cn © r, n ) € T(E, fTX) © #*(£, TS) 
under the exponential map 

exp : r(E, f*TX) © i? 1 (E, TE) — ► * x 
Note that the linearization of the map 

0j, v : M g x X — > £, 
dj.vfc, f) = d js ,jf - (tt s x f)*v 
may be composed with the projection of 

T {u . 0) £ = £ v ® T u (M g XX), v = (j s , (/:£—> X)) 
to the first component to give a map 

: T„(M fl xX) = r(E,/*rX)©flJ E (E,TE) 

— ►£„ = r(E,fi£ 1 ®/*T'X). 
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This decomposition of £ v can be made since we are looking at a zero of 
the map dj )V . 

The map ddj >v is a Fredholm operator. As a result, it has a finite dimen- 
sional kernel and a finite dimensional cokernel. In fact, the index of ddj^ v 
is zero, which says that the kernel and the cokernel have the same dimension. 

Since the sections (( n © rj n ) are in the domain of ddj tV , we may look at 
the projection of these sections to the kernel of D = ddj :V . Let us write 

with © 77°) the projection on the kernel of D, and © Vn) m t ne image 
of the adjoint operator D*. The following lemma reproves the non triviality 
of the kernel of D: 

Lemma 5.1. Suppose that (fi,ji) = expyj^Q © rji) = exp^^flj) for 
i = 1,2, be two elements of X x M. g such that dj it jfi = (7^ x fi)*v, where 
7Ti : (S, ji) — > C g C P^. Furthermore, assume that (£1 — (2) © — V2) is 
in the image of D* . Then 9\ = 62 if ||£i|| and \\rji\\ are assumed to be small 
enough. 



Proof. Define the function 

T : r(E, f*TX) © TE) — ► r(E, Q / © /* T'X) 

for 6* = ((, rj) by the formula 

(6) ^(0) = d^, j(ex P/ (C)) - (7r exp . (r)) x ex P/ (C))^), 

where $0 is the parallel transport map along the curve 

ex P(/j)( t6 = ( ex P/(*C),exp i (t?7)) 

for t £ [0,1]. A simple computation shows that the differential of T at zero 
is dF(0) = D. 

Assume that 6*i = Q7 + 6* 2 = 9 + 6* 2 . Here 

Q : Im(D) — ► Im(D*) 

is a right inverse for D. It is clearly possible to write the difference of 9±, 62 
in this form since Q is surjective. 



14 



EAMAN EFTEKHARY 



Since fi are (J, v , jj)-holomorphic, we know that ^(Oi) = 0, i = 1,2. Sup- 
pose that ||Q|| = co. Then: 

ll^ll = IIQrll 

<co||7ll 
= coll-D^II 
(7) =co||dF(0)e|| 

= coll^i) - F(9 2 ) - <£F(O)(0i - 2 )|| 

< coll^i) - .F(0 2 ) - iF(0 2 )(0i - 2 )|| + c \\dF(9 2 ) - <£F(O)||||0|| 
<coci||%<».||(9||+coC2||e 2 ||.||(9||. 

Here the constants only depend on (f,j) and on (J,v). If and ||# 2 || 

are small enough then this implies that ||0|| is zero, or equivalently, 9\ = 2 . 
This completes the proof. □ 

As noted before, the first consequence of this lemma is that if we have a 
sequence of maps 

= ({J',v),jn, (S ^ X)) G M g (X,(3) 

for some (J,v), converging to a multiply covered one 

li = ((J;v),j, (S^|^X))G Mf(X,/3), 

then we obtain 8, nonz6ro element in the kernel of the linearization ddj v 
(note that this is different from the linearization of the equivariant section 
d & ). 

This completes our first step toward understanding the convergence of 
sequences in M. g (X,f3). 

6. A STRUCTURE THEOREM FOR PARAMETERS 

In this section we will consider some local models that describe the set of 
acceptable pairs (J, v) of almost complex structures J on A and perturba- 
tion terms v associated with J. To begin, fix a real rank-6 bundle E on the 
Riemann surface X with c\{E) = 0, a topological action of a group & on X 
giving a quotient C = ^, and an isomorphism class of an almost complex 

structure on E. The bundle E — > X — > (7 will be assumed to be of the form 
tt*F, where F — > (7 is a bundle over C with trivial first Chern class. Note 
that the map -it : X — > C is obtained as a result of fixing the action of © on X. 

Let denote the space of all almost complex structures J : E —> E, 
which are invariant under the action of ©, or saying in a different way, the 
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space of almost complex structures on F. Consider the following bundle 
over Mf x J®- where M.f is the part of M g consisting of the complex 
structures on E which have © as a subgroup of their automorphism group: 
Let Q be the bundle given by 

g; E:r r 8 (ExB,^ 8j ^) 

for any complex structure j's on E and any almost complex structure J on 
F. Here E is considered as a bundle over itself. We will identify some "bad 
locus variety" in the total space Q®. 

A point in Q® will be of the form (j's, «/; v) where j's is a complex struc- 
ture on E with automorphism group (5 such that the map to the quotient 
(E, js) — ► Auftsl ^ s m ^ ac * * ne fi xe d map it, J is a complex structure on 
-F (inducing one on£ = 7r*-F) and v is a ©-invariant perturbation term as 
above. Associated with this data we will look at the linearization operator 

L = L(jx,J;v) :r(E,S)e J ff 1 (E,TE) — ► r(E, fij^ 0j £) 
defined for a section w of TE to be 

L(C, 77) H = V^C + J^j^C + {Jo duo v ){uj) 

(8) 1 

+ 2{( V C J )(* r °is)-( v (Ce^)}- 

This is a Fredholm operator of index zero. We are interested in excluding 
the locus of (js, </;t>) where the operator has a nontrivial kernel (c.f. com- 
putation of the Appendix). 

If 9 = (£ © 77) € Ker(L(j's, «/; f )), and g : E — > E is an element of the 
automorphism group = Aut(E, js), then g = g*6 is also an element in 
the kernel of L. 

Define Og to be the subspace of Ker(L) generated by {O g }g£<s, and denote 
by mg the ideal of the group ring M<g consisting of all elements 

a = ^2 a g-9~ l £ a g e 

<?e<3 

such that 

E a A = o- 

It is easy to check that me is a left ideal of the group ring M©. 

In this part we will have a discussion of the maximal ideals of R© and 
a decomposition of Ker(L) into the orbits Oq, with associated ideal being 
maximal, for the case where (25 is Z p = and p is prime. 
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Suppose that p ^ 2 is prime. The group Z p may be identified with the 
multiplicative group of the elements 

{hW 2 ,...,^- 1 } 



2-ni 



where A = e " . Then the formal sums 
p-i 

a k = ^2Re(X ki ).X\ k = 0,1, 

i=0 



and 



p-i 

6 fc = ^Im(A fci ).A*, k = 1,2, 

i=0 



p-1 



p — 1 



generate K ctS 9) vector space over K. Moreover if = (0^,6^)^ is the 
subspace generated by au,bk, then in the decomposition 

= / ©A © ... eip^i, 

2 

the space of elements which are zero in the A:-th component forms an ideal 
m fc of R(g, which is in fact maximal. 

For any section 9 6 Ker(L), the sections 

p-i 

6/ fc = ^R e (A fci ).# Al 

i=0 

and 

p-i 

/ = ^Im(A^)J Al 

i=0 

have the associated ideal m fc . 

It is interesting to note that if 9 k and 6> are zero for k = 1, then 
me = m°. 

Before going further, define a local product on Ker(L), associated to a 
point p € C, as follows: Let {p 9 } ff <=© denote the points in the pre-image 
7r_1 ip) °f Pi such that h{p g ) = ph g - Then define 

using some metric (., .) on the bundle E. 

Now start from a section 9 in Ker(L). By changing 9 with one of 9 k or 

— k 

9 if necessary, we may assume that the associated ideal mi = me is one of 
m l ,i = 0,..., E ^ L . Call this section 0\. Choose a point p\ such that 9\ is 
not identically zero at (pi) g 's. Then look at the orthogonal complement of 
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Oq in Ker(L), with respect to (.,.) Pl . Choose another section 6 2 with the 
corresponding ideal rti2 among m*'s in this orthogonal complement, together 
with a point P2 in C, different from p\. Furthermore, choose P2 such that 
02 is nonzero above Tr~ 1 (p 2 ). Then look at the intersection of orthogonal 
complements of Oq. with respect to (., .} Pi , i = 1,2, etc.. This process will 
give us a decomposition 

KeT(L) = 0- ei ®0- d2 ®...®0- 6i 
mg 1 = ttii, nxg 2 = m 2 , ...,m^ = rti£, 

together with £ points pi,p%, ...,pe- Note that the ideals rtij appearing in this 
decomposition (the whole collection) is independent of the way we decom- 
pose. 

Fix the values (j's, J; v) as above such that L = L(js, J; v) has an element 
in its kernel. Note that there is an action of (25 on the spaces 

and 

r(s,^. E) (8^). 

One may also consider the space of those sections which have the asso- 
ciated ideal equal to a given ideal m (denoted by r m (»)). It is easy to see 
that the operator L restricts to an operator L m , 



L m = L m (j E , J; v) : T m (S, E) H^(Z, TS) — > T m (S, njg^ ® j 

on the space of such "m-sections". Similarly the adjoint operator L* restricts 
to give an adjoint operator L* m which goes in the other direction. 

The index computation of the Appendix shows that for any ideal m, the 
operator L m is Fredholm of index zero. This fact may be used to show that, 
parallel to the above process of decomposing Ker(L) into orbits Og., one 
may also find elements JI 1 , ...,Jl£ in Coker(L) with the property that 

C6ker(L)=0 Jil ®0 }h ®...®Op l 
= nii,mp 2 = m 2 , —,mj[ e = m e 

with a similar orthogonality assumption (using the same set of points pi, ...,pe). 

The goal is to show that the space Df mi m( \ of the tuples (js, J; v) such 
that the kernel Ker(L(j's, J; v)) has a decomposition as above, is locally a 
submanifold of Q®. 
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Theorem 6.1. For odd prime numbers p, the space T^f mi me y is an analytic 
submanifold of Q , of codimension 2£ — q, if q o/rrij 'a are equal to m°. 

Proof. We give the proof for the case where £ = 1 and mi ^ m . Then 
we will make a remark on the other cases. Suppose that Ker(L) = O-g is 
generated by 0i,02- This implies that Coker(L) = O-p is generated by some 
Hl,H2- We will assume that 0iS are orthogonal to each other and that the 
same is true for /Vs. Furthermore, assume that trig = = m. 

Suppose that (jx' , J';v') is another element in which is very close 
to (js,J;v). Assume that 0' k = 9k + 0® are the corresponding sections of 
r(L,E) ©if 1 (S,TS). We may assume that 9^s are orthogonal to Ker(L), 
hence to all 0j's, i,k £ {1, 2}. One may write = js + 5 + Fi(5), J' = 
J + Y + Fziy) an£ i v' = v + Z + Fz(5, Y, Z). Then we should have the extra 
condition that 

Sjs + js<5 = 
(11) YJ + JY = 

JZ + Zj s + Yv + v5 = 0. 

The functions F\,F2,F$ will be analytic functions of their variables. The 
vanishing of L(Jy! ', J';v') at 

0'k = (Ck = Ck + C° k )®(v'k = Vk + ril) 

can be written as 

= L'(9' k )(u) = L(e° k )(u) + YVj^Ck + YodTTo Vk 

+ i{(V Cfc y)(dvr o j s ) + (V Cfc J)(dn o 5) - V 6k Z} 
+ terms of higher order, k = 1,2, 

where L' = L(j^' , J'; t/) and L is as before. 

In particular, we have to solve two equations of the form L(09) = •. This 
is not something that one can have any hope to do in general, since L is 
not surjective. However, let us follow Taubes (IE]) and denote by II the 
projection 

r(E, njg^ ® j E) — > Coker(L), 
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and denote the projection over the image of L by IF. Then Id = II + IF 
and we obtain the following two equations: 

L(0° k ) + U C {Y Vj^Ck + YodTro Vk 

+ i[(V Cfc y)(d7r o j s ) + (v Cfc J)(d7T o 5) - V 9k Z] 

+ higher order) = 
(12) r 6 ' 

U{Y Vj SUJ ( k + Y o dir o rjk 

+ ^(V a r)(d7T o J S ) + (V Cfe J)(dvr o 5) - V 9fc Z] 
+ higher order} = 

For given values for (js, J';v'), or rather for given values for (<5, Y;Z), the 
first equation may be solved uniquely to give a value for Of as an analytic 
function of (5,Y;Z). The second set of equations may then be thought of 
as an analytic function 

F : B(jz,J;v) C Q® — ► Hom(Ker(L), Coker(L)) 
where B(j%, J; v) denotes a small neighborhood of (js, J; v) in Q & . 

The map F will be an analytic function and its derivative at zero will be 
given explicitly as follows: It will take a tangent vector (5,Y;Z) satisfying 
the equation and will give the matrix with entry equal to: 



[dF]ij = J (7i,Mi)i 
Ji = YVj sLU (i + Y o dir o r)i 

+ ~[(V a iO(^ ° is) + (V Ci J)(dn o 5) - V 6i Z]. 

We will choose 5 and Y to be zero and Z will be any arbitrary section 
satisfying JZ + Zj's = 0. Clearly, if such tuples give us the required sur- 
jectivity for dF, then i ?_1 (0) will be a subvariety. More coherently, we may 
think of dF(Z) = dF(0, 0; Z) as a constant multiple of the pairing 

pz : Ker(L) x Coker(L) — ► M 

defined by 

Pz (0,p) = f (V e Z,fj,). 

It is important to note that pz(g*0, g* fi) = pz(0,p) for any element g of 0. 
This implies that the only independent relations given by pz = are 



p z (0 1 ,p i ) = 0, i = l,2. 
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The equation F = is implied from Q(F) = where Q is the projection 
on the first row of Hom(Ker(L), Coker(L)). The differential of Q(F) may 
be described on (0, 0; Z) as the map taking Z to 

(pz(0i,/xi),/?z(0i,/x 2 )). 

We will show that this map is surjective. As a result, (QoF)~ 1 (0) = F" 1 (0) 
is locally an analytic submanifold of codimension 2 near the point (js, «/; v ) 
of Q®. This is equivalent to showing that the map taking Z to (pz{&, ~P g )) g e® 
has rank 2. 

Denote V^Z by G(6), where G is a function depending on Z. For a generic 
choice of p G C, let {p g } g( z& be the points in r^ l (p). Fix an identification 
of the fibers F p = E Pg with C 3 such that J becomes the standard complex 
structure, and an identification of T p H = T p C with C, such that j's is iden- 
tified with i. Denote the i-th component of the image of G C 3 = I 6 
by T?(g), g e 0,i = 1,...,6. 

Look at the values for Z such that they are supported over the point p 
(i.e. invariantly supported on p s 's). The corresponding section G(6) will be 
supported on p 9 's as well. We may assume that 

f (G(6),Tl g ) = Y,fe(Ph)^(9h), 
he® 

where fo : {p g } -> K is a function that depends on Z. Our freedom in 
choosing Z guarantees that any such function may be obtained, except if 
there is a relation 

^a g 9(p g ) = 

g e& 

for the section 9, when we have the similar relation 

Yl a 9MPg) = °- 

If there is a relation between pz(0,~p. g ) of the form 
^2a g pz(0,~p g ) = 0, VZ 

then in particular we get 

= a 9h(PhW{gh) = b hfe(Ph)- 

g e<Sh£<8 he<8 

Thus, it is implied that J2he®bh9{ph) = 0. 
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Lemma 6.2. If p (and consequently the collection {p g } g e®) come from a 
generic choice, and J2he&bh9(Ph) = for (3 = ^Zh^&bh-h -1 as above, then 
(3 em. 

Proof, (of the lemma). Suppose that is not in the ideal m, which has a 
rank (as a vector space over M) equal to p — 2 = |<5| — 2. Then there are 
{p — 1) independent relations between the vectors {0(ph)}he&- This implies 
that 0(ph) are mutually linearly dependent. Without loss of generality we 
may assume that 0(ph) = a(ph).0(p e ) where e € is the identity element. 
Note that if the above claim is not true for generic p, it will not be true for 
any p. As a result, a defines a function 

a:S — >R, O h = a h .O = h*(a).0. 

On the other hand, the above relation implies that 

= L(9 h )(u) = L(a h £)(u) = a h L{9) + (u.a h )6 + [(j^).a h ](J9). 

As a result (u>.ah)0 + [(jsw).a/ l ]( JO) = which can not be the case for ^ 
and real valued function ah, unless at is constant. If at is constant, the 
assumptions p / 2 and ah & M imply that ah = 1. Thus is invariant under 
the action of (5, contradicting our assumption. This completes the proof of 
the lemma. □ 

We conclude that ^/ie© bh-h~ l € = m. But on the other hand 

Y^bh.h- 1 = {Y,m).h-'){Y,« h -h) 

he® he® he® 

Note that this is true for all components of ]J corresponding to i = 1, .., 6. 
By considering the fact that m-p = m as well, the only possible way for 

(Xy(/0./r 1 )(5> fc ./i) 

he® he® 

to be in m for a generic choice of p, is when J2he& ah -^ e m - ^ n ^ s P roves 
that the only relations between pz(0,~p g ys are those corresponding to the 
elements of m, and completes the proof of the theorem for the case 1=1. 

When i > 1, but the ideals are different from m°, the proof is just slightly 
more complicated. In the definition of orthogonality, one should choose the 
points pi (and correspondingly (pj) ff 's) to be generic for Oi,]!^ in the sense 
of the above lemma. Then the independence of the equations 

pz(0[,iA) = O, Pz(0\,nl) = 0, i = 1,2, 
follows from the orthogonality, and a discussion similar to the above one. 
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For the ideal m of Rg, the corresponding sections 0,~p are the generators 
of their orbits as a M-vector space. Here the claim is that pz(9,~p) is not 
identically zero. Similar to the above arguments, if pz(9,~p) = for all Z, 
then at a point p E C, and the corresponding points {p 9 } 9g( g, we will have 

g£& 

where ft 1 denotes the i-th. component of p. If 'Yli g ^T^{Pg)-9~ 1 ls n °t i n 
m = m°, then there are p independent linear relations between {9(pg)}ge&, 
which implies that they are all zero. Since this can not be true for generic 
P, 

This is also a contradiction, since it implies that X) ff e<s^ ''{Pg) -fl 1-1 is an- 
nihilated by all elements of (it is already annihilated by elements of m, 
and being in m gives one more relation independent of the previous ones). 
The passage from one ideal to the t > 1 case is similar to the above discus- 
sion. □ 



7. FlNITENESS 

The goal of this section is to show that for a generic choice of an almost 
complex structure J on X and a perturbation term v € Homj 1 (TP Ar , TX), 
the somewhere injective solutions to the equations 

/: (£,j s ) — 
^:(X,js)-C 9 CP W , 

1 ' f*m = peH 2 (x,Z), 

dj s ,jf = Oe x f)*v, 

are isolated and finite. Our discussion on transversality will assign a sign 
to each such solution coming from the transverse intersection of the moduli 
spaces and the spectral flow to a complex d operator. For a more careful 
treatment of signs, we refer the reader to [T31 IT1| . 

Write the homology class (3 G PiiX^Tt) as pa, where a is a primitive ho- 
mology class in H2(X, Z) (i.e. a is not a multiple of some other class). Note 
that when (3 itself is primitive, then the standard arguments in Gromov- 
Witten theory rules out the possibility of convergence of a sequence of em- 
bedded solutions to any solution with singular domain, and we can not have 
a multiply covered solution. So the set of embedded solutions for a generic 
choice of parameters (J, v) consists of isolated points and is compact, thus 
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finite. The independence of the signed count of these solutions from the pa- 
rameters is also standard. So we will assume that p 7^ 2 is a prime number. 

Suppose that (J,v, (/ : (£, j'e) — ► C — > X)) is an element in Mf(X,(3). 
We will get a map from a neighborhood of 

(J,v,(f ^C±X)) 
in Mg(X,[3) to the local model Q® associated with the bundle E = f*TX. 
The map takes this point to (js, J, v), where J is the induced almost complex 
structure on f*TX and v is the perturbation term induced by v on a an 
identification of h*TX with a tubular neighborhood of h(C). Denote this 
map by 

q : B(J, v, (/, j s )) C Mf(X, p) — > B(j s , J, «) C G & . 

Here (5 is the automorphism group of (£, js). Construct a map -F from 
B(js, J, v) to Hom(Ker(L), Coker(L)) as in the proof of theorem 16 .1\ where 
L = L(js, J,v). Also construct the projection Q as in the proof of theo- 
rem ^. II Since in the proof of surjectivity of d^ s j ^(QoF), we only used the 
perturbation of v, it can be easily concluded that the composition Q o F o q 
has a surjective derivative at (J,v, (/, js))- 

This observation implies that we obtain submanifolds 

consisting of the points (J, v, (/, js)) such that the linearization operator 
L = L(J, v, (/, j E )) : Hi (£, TE) © /* TX) 

^r(s,og is) 0j/*rx) 

defined by 

L(C, »/)(a/) = V^C + JV^C + (J odf o v )(u) 
(M) +^{(V C J)(#oj 2 )-(V (C9)r)) t;)}, 
has a kernel Ker(L) = Og i © Here we assume that m^. = rrij. 

The submanifold D r mj m n will have a codimension equal to dim(Ker (L) ) , 
using theorem 16.11 

After setting up the above notation, we are now ready to prove the fol- 
lowing theorem (compare with theorem I3.1|) . which shows that the claimed 
counts of the embedded solutions of the perturbed Cauchy-Riemann equa- 
tion, are in fact meaningful. 
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Theorem 7.1. For a Bair subset V reg C V , the following is true: If (J; v) £ 
Vreg, then the space M g (X,(3; (J;v)) of the somewhere injective solutions 

f: (E,j E )— >X 

to the perturbed Cauchy-Riemann equation 

d js ,jf = (r s x f)*v, Um=P, 

is finite. Moreover, at any such solution, L = L(J,v, (/, has a triv- 
ial kernel. Finally, to any such solution (J, v, (/, j's)) is assigned a sign 
e (/)Js) = e (J, v i (/)Js)) coming from the spectral flow from L to a complex 
d operator. 

Proof. Consider all of the possible actions of the group Z p = Jg? on the 

surface X. Denote such an action by <S and fix the quotient map tt : X — » 
There are finitely many such group actions. For any such action (25, consider 
the manifold A4f(X, (3) and the projection map 

q e :Mf(X,(3) — 7>. 
It is easy to check that is in fact a Fredholm operator of index zero. 

For any set {mi , . . . , m^ } of ideals, define d({ttti, ...,ro^}) to be the dimen- 
sion of the corresponding kernel. Then if we restrict the map to the 
submanifold T> = T>^ mi TO< i, the index of this restriction will be equal to 
— d({mi, rag}). The set of regular values for all the projection maps q& and 
q<s\x>, for different choices of the group action <5 and the ideals {mi, ...,m^}, 
will still be a Bair subset V reg C V (note that in particular we consider the 
case where (5 is the trivial group). If (J, v) is a regular value of (?(s|x>, then 
q^{ J, v) n V = 0, since the index of q&\v is negative. 

Suppose that (J;v) G Vreg- Then the points in A4 g (X, /?; (J;v)) will be 
isolated, and at any such point, the kernel of the linearization map is trivial. 
We will be done if we can show that M g {X, (3; (J; v)) has only finitely many 
points, since the signs e(J,v, (/, Js)) m ay be assigned as in HI] . 

Suppose that this is not the case and {f n : (X, js n ) — > X} is a sequence of 
somewhere injective solutions to the perturbed Cauchy-Riemann equation 
above. This sequence will have a convergent subsequence. The limit will be 
a map 

/ = /«,: (E,j E ) — X 

which solves the same equation. We have already argued that X can not be 
singular and we may identify it with X. 
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If / is somewhere injective then (/, Js) G A4 9 (X, (3; (J; v)). By lemmaE3 
L(J, u, (/, js)) has to have a nontrivial kernel, which contradicts our assump- 
tion on (J; v). 

So, / will factor as 

where denotes a group action on (S, But (5 = pa, and a is primitive. 
This implies that the underlying group of © is Z p = J|. So (J, u, (/, js)) £ 

.M®(A, Again the convergence of a sequence of solutions to (/, j's) im- 
plies that the kernel of the linearized operator is nontrivial. Thus 

(J,v,(f,jx)) G T> {mit jm} 

for some choice of {mi, ...,m^}. This is a contradiction, completing the proof 
of the theorem. □ 

Using the information given by the above theorem, we define: 

Definition 7.2. For a prime homology class (3 G P2{X, r L), choose a point 
(J,v) G V reg . Define 

(f,is)eM g (XMJ;v)) 

8. Invariance 
This section will be devoted to the proof of the invariance of 

l g : P 2 (X,Z) 

from the choice of the regular values (J, v) G V Teg - We begin this section by 
setting up a way of thinking of the moduli space of solutions corresponding 
to paths between two regular values ji = (Ji,Vi) G V reg for i = 0, 1. Namely, 
denote by Q (70,71) the moduli space of the paths 



7:[0,1]— with 7 (i) = 7i , i = 0,1. 
There is a section 



0:Z=[O,1] x Q(7o,7i) x M g x X ^ £ 

defined by d(t, 7,i£>/) = d(^j(t), js, /). Here we will think of £ as the 
bundle pulled back to i? from 3^, via the map Z — > y defined by 

(*,7,jE,/)^(7(*),jE,/). 
Again, we may also define the equivariant versions of these, giving the 
maps 
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d & : Z & = [0, 1] x Q( 70 , 7i ) x M x X — ► £ & . 

One may argue, using an argument similar to those in the section on 
transversality, that the sections d and d® are transverse to the zero section. 
As a result, we obtain a smooth submanifold of Z, consisting of the zeros of 
d, which will be denoted by N g {X,(3). Similarly we may define J\f®(X,(3) 
as a submanifold of Z*°. 

Note that theorem 13.31 is a direct corollary of the following theorem: 
Theorem 8.1. There is a Bair subset 

Q(70,7l)reg C Q(70,7l), 

such that for 7 € Q(7o,7i)reg; the moduli space J\f g (X, f3; r y) of the some- 
where injective solutions associated with the path y(t) = (Jt,vt), forms 
a compact 1-manifold, giving a cobordism between A4 g (X, (3; (Jo, vq)) and 
Ai g (X, f3; (Jx, V\)). In particular Z g {j3), as computed using (Jo,vo) is equal 
toX g ((3), as computed using (Ji,vi). 

Proof. There are projection maps from ftf g (X,(3) to Q(7o,7i), and from 
J\fg(X,{3) to 0(7o,7i), which are Predholm maps of index 1. As a result 
there is a Bair set of regular values of these projection maps which we will 
denote by Q(7o, 7i)reg- The pre-image of our submanifolds 2?r TOl(<<<jtn A will 

be submanifolds of Af®(X, (5), and the restriction of the projection map will 

— & 

typically have negative index on these submanifolds. The exception is T> m o, 
where the index is zero. We may choose the set of regular values so that 
they are regular values of these restriction maps as well. 

With this choice of Q(^o,n)reg, if 7 ^ Q(7o,7i)re 9 then N®(X, ^57) will 
be a smooth 1-dimensional manifold and for any (t,7,js,/) £ N®{X, 0;j) 
the linearization L(7(i), (/, js)) will have a trivial kernel, except for an iso- 
lated set of such points where the kernel is 1-dimensional. 

We are interested in a study of a neighborhood of the points (t, 7, js, /) 
giving (J, v; (f, js)) (with (J, v) = 7(t)) where the kernel of L = L(J, v, (js, /)) 
is one dimensional. 

Suppose that this kernel is generated by 8 = (£, rj) and that the cor- 
responding cokernel is denoted by \i. At the time t + e, a nearby point 
corresponding to the parameter j(t + e) = (J e ,v e ) may be described as fol- 
lows: If (Y, Z) denotes the derivative j'(t), then J e = J + eY + Gi(e), v e = 
v + eZ + G%(e). Here G\{e) and C?2(e) are in o(|e|). 

Any solution to the perturbed Cauchy-Riemann equation corresponding to 
(J e ,v e ) which is close to will be of the form (f e ,je) = ex P(/,j E )(^)- 
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9 may be written as 9 = s9 + 9 , where 9q = (Coj^o) is orthogonal to the 
kernel of L. The equation 

d(J e ,v e ,(f e ,j £ )) = 

may be reformulated as 

L(s9 + #o) + t(Y o df o j s — (te x f)*Z) + higher order terms = 

Again let II, LI C be the projection over the kernel of L* and image of L, 
respectively. Then we may rewrite the above equation as the following two 
equations: 

L(9 ) + n c {e(T orf/o j E - (r s x ffZ) + higher order terms} = 0, 
II{e(y od/o j s - (r s x + higher order terms} = 0. 

The first equation gives 9q uniquely as an analytic function of s, e with 
no linear terms in s. As a result, The second equation will be an analytic 
function of s, e which we denote by g(s, e). An argument similar to the one 
used by Taubes in ^S] shows that the Taylor expansion of g starts as 

g(s, e) = r\e + r2S 2 + higher order terms. 
Note that r\ is in fact computed as 

n= f <(yod/oj s -(T E x 

Our assumption on the regularity of 7 for all projection maps implies that 
this pairing is nonzero. An argument similar to that of [T^], shows that T2 
is also proportional to the differential of the map Q o F, which is pulled 
back to the submanifold M g {X, /?; 7). The regularity implies again, that r2 
is also nonzero. This gives a description of the neighborhood of (£,7, jsj /) 
in A' (/ f .V. i: - ). 

Note that this discussion may be followed even if (t, 7,js>/) is a weak 
limit point of a sequence in Af g (X, (3; 7) that lies in N®(X, [3; 7). 

If (t, 7, js, /) is in N g (X, /3;7), then the projection 

:A/- 9 (A,/?; 7 ) -^[0,1] 

will locally be like the map going from {(s, e)| rie + r2S 2 = 0} to [0, 1] which 
sends (s, e) to i+e. As a result (£, 7, js, /) is a critical point of the projection 
map pr and nothing interesting happens at this point. 

Now suppose that (i,7, jz, f) is in Ay (X, (3; 7), with (5 = Z p . Since the 

ig 

kernel is nontrivial, (J, v, (/, js)) is forced to be in £> m o. Note that the other 
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submanifolds £>{ mij me y are excluded by the regularity. As a result, the 
sections 6,fi are ©-invariant and the whole argument above may be done 
for the © invariant sections, and inside J\f®(X, The result is that a 

neighborhood of (i, 7, js, /) in Afg(X, (3; 7) is described by a similar function 
g'(s, e) = 0. A version of the uniqueness lemma IS~T1 may be used to conclude 
that this neighborhood of (i, 7, is,/) in Ng{X,f3; r y) is in fact identical to 
the previous neighborhood of it (as a weak limit point) in M g (X, 0; 7). This 
is a contradiction which proves the theorem. □ 



Remark 8.2. When p = 2, there is a possibility that at a point (i, 7, js, /) 
of A/^ 2 (A, /?; 7) where the linearization has a kernel with the corresponding 
ideal m , a solution in Af g (X, 0;^y) is blown up for the times t + e with 
e > 0, while there is no such solution for the times t — e which is close 
to (i, 7, js, /)• This means that to count the embedded solutions in a class 
j3 = 2a, we will always get contributions from the curves in the class a. As 
a result a passage from the arguments of this paper to the case where p = 2 
requires a weighted count of the solutions similar to the counts in 15 . We 
postpone such wall- crossing formulas to a future paper. 



9. Appendix: A Riemann-Roch formula 
Introduction 



Suppose that (£, j = js) is a Riemann surface with automorphism group 
0. Denote the quotient curve E/(J5 by C. Fix a divisor D on £ which is 
invariant under the action of &. This means that for any a : £ — > S in the 
automorphism group © we have o~*(D) = D. 

For any section r\ of the line bundle [D] over S, note that the pull back 
7/ CT = a*n is also a section of [D]. Let be the ideal of the group ring 
consisting of all elements 

such that 

It is easy to check that is a left ideal of the group ring Rg. 
Fix an ideal m of the group ring and let 

Hi([D]) := [r, G [D]) I m C m„}, i = 0, 1. 

Define 
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and let Xm ([Z>]) = /&([£>]) - /^([D]). 

Our goal in this note is to obtain some results on the behavior of % m ([D]) 
in terms of the topological properties of [D] and the covering 

(5 

Let us start with a consideration of the holomorphic tangent bundle Ts 
of S. If B denotes the branching divisor of the covering map ir : £ — > C, 
then we will have 

r E =7r*Tc®[-B]. 
This gives the short exact sequence: 

— ► T s — > 7r*T c — > O s — > 0. 

If we consider the sections corresponding to the left ideal m of IR©, we 
will get the following long exact sequence: 



o — <(r E ) <(7r*r c ) — > fl^(o B ) 

— #m(^) — ^(7T*T C ) — f4(0 B ) = 0. 

As a result 

(16) Xm(T E ) = Xm(7r*TC) - OOb). 

In the next step we consider line bundles of the form ir*L where L — > C is 
a line bundle on the quotient curve C. Any such line bundle may be written 
as L = [E] where E is a divisor on C such that its support is disjoint from 
the branched locus. Note that if p is a point on C which is not in the 
branched locus of it : £ — > C then there is a short exact sequence: 

_> vr*L = [tt*£] — [tt*(£ + p)] — = (g) O p<7 — 0, 

where {pa}aee is the pre- image tt~ 1 {p}. 

Again taking the long exact sequence corresponding to the ideal m gives 



(17) X m(^[E+p]) = Xm (^[E]) + h° m ([^p}). 

Note that both and m are vector spaces over R. The dimension of the 
first one is q = \<5\ and the dimension of the second one, we denote by r. It 
is easy to check that since p is a generic point, /i^([-7r*p]) = 2(q — t). As a 
result of these two observations 



(18) Xm(7r*L) = 2( - r).deg(L) + Xm(Os). 
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In the last step, we compare the line bundle Os with the canonical bundle 
K-£. Note that Ky, = ir*Kc+[B] where B is the branching divisor introduced 
earlier. From the short exact sequence 

— ► tt*K c ^Kz^Ob^O, 

and the consideration of the global sections, we obtain 

Xm(^s) = Xm^*K C ) + h m (O B ) 

= 2( - r).deg(K c ) + Xm (O s ) + h m (O B ) 

= 2( - t)(2h - 2) + Xm (0 s ) + h m (O B ). 

On the other hand, by Serre duality Xm(Cs) + Xm(-^s) = 0. This implies 
that 

-h m (O B ) = 2(0 - t)(2h - 2) + 2 Xm (O s ) 

Combining with the information on Ts and the fact that /i^(T E ) = 0, this 
implies that 

(19) C(T S ) = -3 Xm (O s ). 

General invariant bundles; The index computation 

Now suppose that E — > C is a bundle over the quotient surface, of rank 
n. The bundle ir*E will be invariant under the action of the automorphism 
group and one may consider the global sections associated with a left ideal 
m of the group ring R©. Namely: 

H l m (E,TT*E) := {rj e IP(p,ir*E) | m C m v }. 

The Euler characteristic Xm{^*E) may be defined similarly. 

For any such bundle, we may formally break it down to the line bundles: 

E = Li © L 2 © ... © L n . 

From this presentation 



1=1 

n 

= ^[2(0-t).deg(L l )+Xm(O E )] 

= 2(0-t). Cl (£)+n( Xm (0 s )) 

In the last part of this note we will consider the index computation asso- 
ciated with the ideal m of the group ring R©. 

In our moduli problems, there is a kernel isomorphic to 
i4(£,T E )©tf°(£,7r*(TX| c )), 
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where our quotient curve C is embedded in an almost complex symplectic 
manifold (X,u, J), and TX is the tangent bundle of X. 

The cokernel will be isomorphic to 

H° m (^*(TX\ c )). 
This implies that the index / of our operator is equal to 

f2Q) / = /4(T s ) + Xm (7r*(TX| c )) 

= 2( Cl (X).[C])(g - t) + (n - 3) Xm (0 E ), 

where [C] represents the homology class represented by the curve C in 
H2{X,Z) and n is the complex dimension of X. 

In particular if c\ (X) = and n = 3 then 1 = 0: 

Corollary 9.1. The index of the linearized operator associated with any 
left left ideal m of the group ring IR© is equal to zero, as far as the target 
manifold is a symplectic 3-fold with vanishing first Chern class c\(X) = 0, 
the kernel is isomorphic to 

i4(£,T E )e^(£,7r*(TX| c )) 

and the cokernel is isomorphic to 

H° m (^*(TX\ c )). 
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